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1. INTRODUCTION. 
For a positive definite Hermitian matrix A of order n, Szasz’s inequality 
l/(“-‘) P, k-1 > P l/r,-‘) k+l (l<K<n-1) (1) 
is well-known, where Pk is the product of all K-rowed principal minors of A 
(see [l, p. 641, [2, p. 1191). G an t macher-Krein [3, p. 11 l] and Koteljanskii [4] 
proved that inequality (1) is valid for a larger class of matrices, which will be 
defined as GKK-matrices in Section 3. 
In the present note, we shall first prove two inequalities for subadditive 
functions defined on a distributive lattice with the least element. Then as 
application of this general result, it will be seen that Szbz’s inequality is not 
only valid for the GKK-matrices, but also for products more general than Pk . 
Furthermore we have not only inequality (21), which generalizes (l), but 
also the stronger inequality (20). A s another application of the general result, 
we derive similar inequalities involving two or three matrices. 
2. SUBADDITIVE FUNCTIONS 
A real-valued function f defined on a lattice L will be called subadditive, if 
f (9 +f(Y) >f@ AY) +f@ “Y) for x,y EL. (2) 
THEOREM 1. Let L be a distributive lattice with the least element 0, and let f 
be a subadditive function defined on L such that f (0) > 0. Let x1 , x2 ,..., xp be 
p(>2)elementsofLsuchthatxi~xj=Ofor1 <i<j<p.If 
Sk = c f(Xi, v xi, v --* v Xi,) (1 <k <P) (3) 
iI<...+ 
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and 
then 
T,, = 0, Tk =+ 
0 




PROOF. Observe first that for any fixed element z EL, the function g 
defined on L by 
i?(x) =f(x ” 4 -f(z) (x EL) (7) 
is, likef, subadditive. Indeed, because L is distributive, we have for x, y EL: 
g(x) + dY> =f(x ” 4 l tf(Y ” 4 - VW 
2 ff((x ” 4 A (Y ” 4) +f((x ” 4 ” (Y ” 4 - 2fM 
=f@ AY) ” 4 +fKx “Y) ” 4 - 204 
=&AY) +&“Y)* 
Next, since xi A xi = 0 for 1 < i < j < p, andf(0) > 0, the subadditivity 
off implies 
f(xJ +f&) >f(o) +f(+ v xi) >f(xi v xi) (1 G i <i GP) 
and therefore 
(p-l)S,>S,. (8) 
Consider an integer K such that 2 < K < p - 1. For any K - 1 indices 
jr ,..., j,-, such that 1 <jr < 0.. < jk-r \cp, let f (jl*****L) be the sub- 
additive function defined on L by 
f'j"...*i"-qX) =f(x v xj, v **a v Xj,&,) -f(x& v *** v Xik-,) (x EL). (9) 
There are p - k + 1 xi’s with i #{jr ,..., jk-r}, and p - K + 1 3 2, since 
K < p - 1. For these p - K + 1 q’s, we form the sums 
409/18/z-5 
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As f(jl~...%--l)is subadditive and f(jl~...~L)(0) = 0, we have the inequality 
similar to (8): 
(p _ k) qh..... ik-I) 3 s,‘h . . . . . tk4). 
(12) 
In view of (9), (lo), and (1 I), inequality (12) can be written explicitly 
Summing (13) over all ordered (k - 1)-tuples (ji ,...,j& of indices such 
that 1 <j, < **. <jk-, d P, we get 
or 
(p .- k) k& > ‘(’ 2+ ‘) S,,, + @ - k)(;- ’ + ‘) Sk,_, 
(2 <k <p - 1). (14) 
Multiplying both sides of (14) by 2/[(p - k) k(i)], we obtain inequality (5) 
for 2 < k < p - 1. But the case k = 1 of (5) is precisely (S), so (5) is proved 
for all k = 1, 2 ,..., p - 1. 
Since p(Ei) = k(z), we have 
Sk 
P-l ( ) k-l 
so inequality (6) is the same as 
(l<k<p-1). (15) 
That (15) is a direct consequence of (5) is wellknown and can be easily seen 
from 
2 i iT: > i i(Ti-, + Ti,,). 
i-l i=l 
The theorem is thus proved. 
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A real-valued function f defined on a lattice L is said to be hotone, if x 2 y 
in L implies f(x) >f(y). F or an arbitrary lattice (neither the distributive 
law nor the existence of the least element is assumed), the following result 
is analogous to Theorem 1. 
THEOREM 2. Let f be a non-negative, isotone, subadditive function defined 
on an arbitrary lattice L. For any p (2 2) elements x1 , x2 ,..., x, of L, S, and 
TI, defined by (3) and (4) satisfy inequalities (5) and (6). 
PROOF. It suffices to make the following modification in the proof of 
Theorem 1. Under the present hypothesis, the subadditivity of the function g 
defined by (7) f o 11 ows from the subadditivity off, the one-sided distributive 
law (X v a) A (y v z) > (X A y) v z (which is true in an arbitrary lattice [5, 
p. 191) and the isotone property off. Since f is subadditive and non-negative, 
we have f (xi) + f (xj) > f (xi v x,) for 1 < i < j ,< p and therefore (8). 
Also, since f is isotone, the subadditive function f (jl*...vi*-r) defined by (9) 
is non-negative, so we have again (12). Then the proof can be completed as 
in the proof of Theorem 1. 
We shall apply Theorem 1, not Theorem 2, in Sections 3 and 4, where 
the subadditive functions considered will not be isotone, nor non- 
negative. 
It is clear that both Theorems I and 2 remain valid, if the subadditive 
function f takes its values in a partially ordered vector space (instead of 
being real-valued). 
3. GKK-MATRICES 
A submatrix of order k of a square matrix is said to be almost principal 
[3, p. 1051, if it is not a principal submatrix and it contains a principal sub- 
matrix of order k - 1. An almost principal minor is the determinant of an 
almost principal submatrix. In particular, every off-diagonal element is 
an almost principal minor of order 1. Two minors of order k of a square 
matrix are said to be symmetrically situated, if one minor is formed by the 
rows with indices i1, iz ,..., il, and the columns with indices jr , js ,..., j, , 
and the other minor is formed by the rows with indices ji , jz ,..., jk and the 
columns with indices iI , iz ,..., i& . 
A real or complex square matrix A will be called a GKK-ma&ix, if all 
principal minors of A are positive, and the product of any two symmetrically 
situated almost principal minors of A is real and non-negative [3, p. 11 I], [4]. 
All positive definite Hermitian matrices are clearly GKK-matrices, so are also 
the totally positive square matrices [3, p. 851, i.e., those square matrices 
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whose minors (principal or not) of all orders are positive. Also the M-matrices 
discussed in Section 4 are GKK-matrices. If A is a GKK-matrix, so is also 
its inverse. This is easily seen from the simple relation between the minors of 
A and those of A-l. 
If A is a square matrix of order n, and if (Y stands for a subset of the set 
(1, z..., n}, we shall denote by A(a) the principal minor of A formed by the 
rows and columns with indices contained in 01. For the empty set a, we 
define A(m) = 1. 
Gantmacher-Krein [3, p. 1111 and K o e ‘anskii [4] proved that for every t 1~ 
GKK-matrix A of order n, inequality 
44 A(B) 2 A(a n B) A(a ” B) (16) 
holds for any two subsets 01, j? of (1,2,..., n>. In other words, if A is a GKK- 
matrix of order n and 
f(4 = 1% 44 for a C (1, 2 ,..., n}, (17) 
then f is a subadditive function on the lattice of all subsets of (1, 2,..., n}. 
Hence by Theorem 1, we have 
COROLLARY 1. Let A be a GKK-matrix of order n, and let 0~~ , 01~ ,..., 0~~ be 
p (2 2) pairwise disjoint subsets of the set (1, 2,..., n} (some of the 01’s may 
be empty). If 
and 
Qk= n A(cuilucrizu~~~u~Ik) (1 <h <P) (18) 
il<"'<ik 
then 
R, = 1, R, = Q$) (1 <h GP), (1% 
R,’ 3 &c--1&+l (1 <A <P - l), (20) 
Q:/(;::) 3 Q’i(y;? 
k+l (1 <K<p-1). (21) 
In case p = n and CX~ = {i} for 1 < i < n, (21) becomes inequality (1). 
It is wellknown and can be easily seen that (20) implies 
As 
Rlk/k > Rl/(k+l) 
kfl (1 <k<p-1). (22) 
Q’i(:::) = RPlk 
k k ’ 
(21) is actually the same as (22) and therefore is a direct consequence of (20). 
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4. M-MATRICES 
An M-matrix [6], [7] is a square matrix A of the form A = PI - B, 
where B is a real matrix with non-negative elements, I is the identity matrix 
and p is a positive number greater than the absolute value of every eigenvalue 
of B. A real square matrix A = (uii) is an M-matrix, if and only if uu < 0 
for i #j and all principal minors of A are positive (see [8], [9]). It is well- 
known that for an M-matrix A, all elements of A-l are non-negative. Con- 
sequently, in an M-matrix of order n, the product of any two symmetrically 
situated minors of order n - 1 is non-negative. Since all principal submatrices 
of an M-matrix are M-matrices, it follows that every M-matrix is a GKK- 
matrix. 
COROLLARY 2. Let A = (aii) be an M-matrix of ordu n, and let B = (b,) 
be a real or complex matrix of order n such that 
1 bii 1 > aii for all i, Ia,iI >I&,1 for i#j. (23) 
Let 0~~ , (Ye ,..., 01~ be p (3 2) pairwise disjoint subsets of the set {I, 2 ,..., n}. If 
and 
v, = 1, Vk = @) (1 < k <P>, (25) 
then 
Vk2 2 Vk-lVk,l (1 <k<p-l), (26) 
(1 <k <p - 1). (27) 
PROOF. Recall first a known fact [6] that for an M-matrix A, hypothesis 
(23) implies A(a) < 1 B(a) ) (and therefore B(ol) # 0) for all OL C {1,2,..., n}. 
It was proved in [lo] ( see also [I l] for a stronger result) that under the same 
hypothesis, inequality 
Bb A B) Bb u 8) > Ab n 8) Ab u B) 
%4 B(B) ’ 44 43 
(28) 
holds for any two subsets OL, /3 of {I, 2 ,..., n}. Thus the function f defined by 
fb> = log44 -log I&4 I for a c (1, 2,..., n} (29) 
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is a subadditive function on the lattice of all subsets of the set (1, 2,..., n), 
and the corollary follows from Theorem 1. 
Another result similar to Corollary 2 and involving three M-matrices can 
be derived from the following proposition [12]: Let A = (uii), B = (b,) 
be M-matrices of order n such that aij < bij for all i, j. If 0 < t < 1 and 
C = tA + (1 - t) B, then C is an M-matrix and inequality 
Cb n B> Cb ” P) > A& n B) A@ ” 8) t . Bb n 8) Bb ” B) 1-t 
w C(P) ’ [ 44 49 1 [ B(4 B(P) 1 (30) 
holds for any two subsets 01, 18 of (1, 2 ,..., n}. In other words, the functionf 
defined by 
f(a) = t log A(a) + (1 - t) log B(a) - log C(a) (31) 
for OL C (1, 2,..., n} is a subadditive function on the lattice of all subsets of the 
set (1, 2 ,..., n}. 
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